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Abstrat
The reent experimental estimate for τ lepton mass omes signiantly near to a
theoretial value proposed by us in 1992. We reall our argumentation supporting this
proposal.
PACS numbers: 12.15.Ff , 12.90.+b .
Deember 2009
The entral value of reent experimental estimate for τ lepton mass [1℄,
m(2008)τ = 1776.84± 0.17 MeV , (1)
is onsiderably diminished in omparison with that of the former experimental estimation
[2℄,
m(2006)τ = 1776.99
+0.29
−0.26 MeV , (2)
while the errors are redued a lot. As it happens, in 1992 we proposed formτ a theoretial
value [3℄,
mτ = 1776.80 MeV , (3)
very lose to the atual estimate (1). We dedued suh a value from the parameter-free
mass sum rule [3℄
125mτ = 6 (351mµ − 136me) (4)
resulting stritly from a mass formula onjetured in 1992 for harged leptons e−, µ−, τ−.
In fat, the sum rule (4) implies the value (3), when the experimental gures for me and
mµ are used as an only input (it gives mτ = 1776.797 MeV with me = 0.5109989 MeV
and mµ = 105.6584 MeV [1,2℄).
∗
In the present note we would like to reall our mass formula for harged leptons and
then, in Appendix, review some arguments supporting its form.
Our harged-lepton mass formula expresses three masses me, mµ, mτ in terms of two
free parameters µ and µ(ε− 1), one running quantum number N taking three values
∗
In 1981, Koide proposed for harged leptons the neatly looking nonlinear equation to desribe their
mass spetrum [4℄,
me +mµ +mτ =
2
3
(
√
me +
√
mµ +
√
mτ )
2
,
having  as an be seen  two solutions for mτ in terms of me and mµ,
mτ =
[
2(
√
me +
√
mµ)±
√
3(me +mµ) + 12
√
memµ
]2
=
{
1776.97MeV
3.31735MeV
,
where me = 0.5109989 MeV and mµ = 105.6584 MeV are experimental gures. The rst solution agrees
wonderfully with the entral value of atual experimental estimate (1), though its small deviation from this
experimental value is slightly larger than the deviation of our predition (3) (for the former experimental
estimation (2), the situation was opposite). The seond solution gets no interpretation.
1
N = 1, 3, 5 (5)
and, nally, three generation-weighting fators
ρ1 =
1
29
, ρ3 =
4
29
, ρ5 =
24
29
(6)
(
∑
N ρN = 1). With the notation
m1 = me , m3 = mµ , m5 = mτ (7)
our formula reads [3℄
mN = ρN µ
(
N2 +
ε− 1
N2
)
(N = 1, 3, 5) (8)
or, more expliitly,
me =
µ
29
ε ,
mµ =
4µ
29
80 + ε
9
,
mτ =
24µ
29
624 + ε
25
. (9)
It an be seen that, eliminating two free parameters µ and ε from the mass formula
(9), we obtain stritly the mass sum rule (4) expressing mτ in terms of me and mµ. On
the other hand, from the rst and seond Eq. (9) we an evaluate µ and ε also in terms
of me and mµ,
µ =
29(9mµ − 4me)
320
, ε =
320me
9mµ − 4me , (10)
and hene, numerially
µ = 85.9924 MeV , ε = 0.172329 (11)
with the experimental gures for me and mµ used as an only input. Then, our mass
formula (8) or (9) is fully dened to determine me and mµ equal to their experimental
gures and mτ equal to its predited value (3).
2
In Appendix, we present some arguments supporting the use of N = 1, 3, 5 as the ade-
quate quantum number and the speial hoie of ρN = 1/29, 4/29, 24/29 as the generation-
weighting fators as well as the spei dependene of harged-lepton masses on N2 and
1/N2. These arguments lead to our mass formula (8) or (9).
We believe that the disovery of expliit formulae for masses of fundamental fermions
is still possible, as it was for the levels of hydrogen atom in Balmer's and Bohr's time,
although now we have to operate with the involved quantum eld theory or its extensions,
rather than with the simple rudiments of quantum mehanis as in the old times.
Appendix
Three generations of fundamental fermions aused by an intrinsi Pauli priniple,
and a harged-lepton mass formula
Assume that fundamental fermions, suh as Standard Model leptons and quarks, are
pointlike objets in spaetime, but intrinsially omposite strutures in an algebrai sense
expressed by the multiomponent form of their loal one-partile wave funtion
ψ(N)α1α2...αN (x) (N = 1, 3, 5, . . .) . (A1)
Here, αi = 1, 2, 3, 4 (i = 1, 2, . . . , N) are Dira bispinor indies in the hiral representation,
where ommuting 4N×4N Dira matries γ5i and σ3i (i = 1, 2, . . . , N) are diagonal. Here,
γ5j = iγ
0
j γ
1
j γ
2
j γ
3
j and σ
3
j = γ
5
j γ
0
j γ
3
j . If the basi 4N×4N Dira matries γµi (i = 1, 2, . . . , N)
are elements of Cliord algebra
{
γµi , γ
ν
j
}
= 2gµνδij (i, j = 1, 2, . . . , N), antiommuting
for i 6= j, it turns out that the wave funtion (A1) an be assumed to satisfy in the free
ase the wave equation of generalized free Dira form [5℄,
(
Γ(N)µ pµ −M (N)
)
ψ(N)(x) = 0 (N = 1, 3, 5, . . .) , (A2)
where ψ(N)(x) ≡
(
ψ
(N)
α1α2...αN (x)
)
, while
Γ(N)µ ≡ 1√
N
(γµ1 + γ
µ
2 + . . .+ γ
µ
N) (N = 1, 3, 5, . . .) (A3)
are elements of Dira algebra {Γ(N)µ , Γ(N)ν} = 2gµν following from Dira's square root
proedure
√
p2 → Γ(N)µ pµ. Here, all possible Standard Model SU(3) × SU(2) × U(1)
3
labels are suppressed.
Beause of the form (A3) of Γ(N)µ it will be onvenient to pass in Eq. (A2) from the
individual Dira matries γµi (i = 1, 2, . . . , N) to their Jaobi-type ombinations
Γ
(N)µ
1 ≡
1√
N
(γµ1 + γ
µ
2 + . . .+ γ
µ
N) ≡ Γ(N)µ ,
Γ
(N)µ
i ≡
1√
i(i− 1)
[
γµ1 + γ
µ
2 + . . .+ γ
µ
i−1 − (i− 1)γµi
]
(i = 2, 3, . . . , N) ,
(A 4)
satisfying the Cliord algebra
{
Γ
(N)µ
i , Γ
(N)ν
j
}
= 2gµνδij (i, j = 1, 2, . . . , N) isomorphi
with the previous Cliord algebra. The ombinations (A4) may be alled "entre-of-mass"
and "relative" Jaobi-type Dira matries, respetively. In the new hiral representation,
where ommuting Jaobi-type Dira matries Γ
(N)5
i and Σ
(N)3
i (i = 1, 2, . . . , N), analogial
to γ5i and σ
3
i , are diagonal and αi = 1, 2, 3, 4 (i = 1, 2, . . . , N) denote new Dira's bispinor
indies, the free generalized Dira equation (A 2) an be redued to the form [5℄
(
γµ pµ −M (N)
)
α1β1
ψ
(N)
β1α2...αN
(x) = 0 (N = 1, 3, 5, . . .) (A5)
with ψ(N)(x)≡
(
ψ
(N)
α1α2...αN (x)
)
. Here, γµ are the ordinary 4×4 Dira matries and Γ(N)µ1 =
γµ ⊗ 1⊗ . . .⊗ 1. Note that in Eq. (A 5) α1 is the "entre-of-mass" Dira bispinor index,
while α2, ..., αN present "relative" Dira bispinor indies (see the denitions (A 4)).
We an introdue to the free wave equation (A 5) the Standard Model gauge inter-
ations applying the minimal substitution pµ → pµ − gAµ(x), where Aµ(x) involves the
familiar weak-isospin and olor matries, the weak hyperharge dependene as well as
the ordinary hiral 4 × 4 Dira matrix γ5 (in general, Γ(N)51 ). Then, g γµAµ(x) (in gen-
eral, g Γ
(N)µ
1 Aµ(x)) beomes the Standard Model gauge oupling in the generalized Dira
equation whih an be redued to the form [5℄
{
γµ [pµ − gAµ(x)]−M (N)
}
α1β1
ψ
(N)
β1α2...αN
(x) = 0 (N = 1, 3, 5, . . .) . (A6)
This is a oupling to the "entre-of-mass" Dira bispinor index α1. It is plausible to as-
sume that also all other possible interations, inluding the familiar gravity and hypotheti
hidden-setor interations, if eetive, are oupled to the fundamental fermions via their
4
"entre-of-mass" degrees of freedom α1 and pµ. Hene, the onlusion follows that the
"entre-of-mass" bispinor index α1 is physially distinguished from all "relative" bispinor
indies α2, . . . , αN whih, being unoupled, are mutually undistinguishable. Thus, it is
very natural to onjeture that all "relative" bispinor indies α2, . . . , αN , treated as intrin-
si physial objets ("intrinsi partons"), obey the Fermi statistis along with the intrinsi
Pauli priniple [5℄ requiring full antisymmetry of one-partile wave funtion ψ
(N)
α1α2...αN (x)
with respet to all α2, . . . , αN indies. In onsequene, N beomes restrited to its three
values N = 1, 3, 5 only.
It is exiting to observe that the above simple onjeture of full antisymmetry of the
wave funtion (A 1) with respet to all "relative" bispinor indies α2, . . . , αN implies the
existene in Nature of exatly three generations N = 1, 3, 5 of fundamental fermions with
spin 1/2 (inluding Standard Model leptons and quarks [5℄ as well as sterile fermions with
spin 1/2, we have alled sterinos, andidates for the stu the old dark matter is made of
[6℄). The one-partile wave funtion of these fermions in three generations an be written
down as the following Dira bispinors [3℄:
ψ(1)α1 (x) ,
ψ(3)α1 (x) =
1
4
(
C−1γ5
)
α2α3
ψ(3)α1α2α3(x) = ψ
(3)
α112
(x) = ψ
(3)
α134
(x) ,
ψ(5)α1 (x) =
1
24
εα2α3α4α5ψ
(5)
α1α2α3α4α5
(x) = ψ
(5)
α11234
(x) ,
(A 7)
where, in addition,
ψ
(3)
α113
(x) = 0 = ψ
(3)
α124
(x) , ψ
(3)
α114
(x) = 0 = ψ
(3)
α123
(x) . (A8)
In Eqs. (A 7) and (A8), the probability interpretation and relativity of quantum theory
are applied [3℄. Here, the Standard Model SU(3)×SU(1)×U(1) labels  aompanying
the "entre-of-mass" bispinor index α1 in the ase of leptons and quarks  are suppressed.
Note that the total "relative" hirality Γ
(N)5
2 . . .Γ
(N)5
N (N = 3, 5) ommutes with the
Hamiltonian following from the generalized Dira equation [5℄ (see Eq. (A 6))
{
Γ
(N)µ
1 [pµ − gAµ(x)]−M (N)
}
ψ(N)(x) = 0 (N = 1, 3, 5) , (A9)
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so it is a onstant of motion (note that Γ
(N)5
1 and Γ
(N)5
2 , . . . ,Γ
(N)5
N antiommutes and
ommute with Γ
(N)µ
1 , respetively, while all Γ
(N)5
i (i = 1, 2, . . . , N) ommute mutually
and also with Γ
(N)0
1 Γ
(N)µ
1 ). This allows us to impose on the wave funtion ψ
(N)(x) =(
ψ
(N)
α1α2...αN (x)
)
the onstraint Γ
(N)5
2 . . .Γ
(N)5
N ψ
(N)(x) = ψ(N)(x) (N = 3, 5), in onsisteny
with the wave equation (A 9). However, there is no need to do it, beause suh a onstraint
is already fullled by the wave funtions for N = 3, 5 given in Eqs. (A 7) and, in addition,
is onsistent with Eqs. (A 8) for N = 3. The last observation exludes from the generation
N = 3 the "relative" spins 1 and 0 with "relative" hirality −1 as 1 = (+ ↑), 2 = (+ ↓
), 3 = (− ↑), 4 = (− ↓), leaving in both generations N = 3, 5 only the "relative" spin 0
with "relative" hirality +1 (the "relative" spin 1 with "relative" hirality +1 is diretly
exluded by the intrinsi Pauli priniple giving ψ
(3)
α111(x) = ψ
(3)
α122(x) = ψ
(3)
α133(x) = 0).
Notie that this onstraint is natural, sine it guarantees the same total hirality for all
three generations N = 1, 3, 5: Γ
(N)5
1 Γ
(N)5
2 . . .Γ
(N)5
N ψ
(N)(x) = Γ
(N)5
1 ψ
(N)(x) = γ5ψ(N)(x),
where γ5 =
(
γ5α1β1
)
.
From Eqs. (A7) it follows that
ψ(N)∗α1α2...αN (x)ψ
(N)
α1α2...αN
(x) = 29ρNψ
(N)∗
α1
(x)ψ(N)α1 (x) (N = 1, 3, 5) , (A10)
where
ρ1 =
1
29
, ρ3 =
4
29
, ρ5 =
24
29
(A11)
(
∑
N ρN = 1) are the generation-weighting fators.
Now, restriting ourselves to harged leptons of three generations, e−, µ−, τ−, as the
simplest Standard Model fermions, we will look for their mass formula in the form [5℄
mN = ρNhN (N = 1, 3, 5) , (A12)
where me = m1, mµ = m3, mτ = m5 and ρN denote three generation-weighting fators
(A 11). We will put
hN = µuN + µ(ε− 1)vN (N = 1, 3, 5) (A13)
in terms of two massdimensional parameters µ and µ(ε−1) whih ombine additively two
"intrinsi interations" µuN and µ(ε− 1)vN "within" harged leptons.
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In order to build up these "intrinsi interations" we have to our disposal only three
strutural numbers N (three other strutural numbers ρN , appearing in our approah, are
already used in the formula (A 12)). We will onjeture that these formal interations
are:
(i) "intrinsi two-body interation" between all "intrinsi partons" i = 1, 2, . . . , N ,
treated on an equal footing:
µ uN = µ
N∑
i,j=1
1 = µN2 = µN + µN(N − 1) (N = 1, 3, 5) , (A14)
where the rst term µN on the rhs desribes the sum of "intrinsi self-interations"
of all "intrinsi partons", while the seond term µN(N − 1) presents the sum of
their "intrinsi mutual interations",
(ii) a orretion to the "intrinsi self-interation" of the "entre-of-mass intrinsi parton"
i = 1 distinguished from all "relative intrinsi partons" i = 2,. . ., N whih, in turn,
are undistinguishable from eah other:
µ(ε− 1)vN = µ(ε− 1)
(
P
(N)
i=1
)2
= µ(ε− 1) 1
N2
(N = 1, 3, 5) , (A15)
where P
(N)
i=1 = [N !/(N − 1)!]−1 = 1/N is the probability of nding suh a distin-
guished "intrinsi parton" amongN "intrinsi partons" of whih N− 1 are undis-
tinguishable.
The forms (A12) and (A13) together with the onjetures (A 14) and (A15) provide
for harged leptons e−, µ−, τ− the mass formula (8) or (9):
mN = µ ρN
(
N2 +
ε− 1
N2
)
(N = 1, 3, 5) , (A16)
or, more expliitly,
me =
µ
29
ε ,
mµ =
4µ
29
80 + ε
9
,
mτ =
24µ
29
624 + ε
25
(A 17)
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with me = m1, mµ = m3, mτ = m5 and ρ1 = 1/29, ρ3 = 4/29, ρ5 = 24/29.
Some extensions of the harged-lepton mass formula (A 16) or (A 17) were disussed
in the two last Refs. [5℄. They seem to be redundant in the ase of harged leptons.
The intrinsi struture of fundamental fermions presented in this Appendix is an anal-
ogy of Dira's onstrution of spin 1/2 that an be onsidered as an at of algebrai abs-
tration from the spatial notion of angular momentum, rather than a result of a pointlike
approximation for a spatially extended rotating top. Similarly, our intrinsi onstrution
of fundamental fermions an be onsidered as arising through an at of algebrai abstra-
tion from the spatial notion of omposite systems, rather than resulting from a pointlike
approximation for spatially extended omposite states.
However, from the purely phenomenologial point of view, the Dira bispinor indies
α1, α2, . . . , αN in the wave funtion (A1) may be only the summit of an ieberg of some,
yet invisible, spatial partons bound in really omposite systems, mainly in S states.
But, if the spatial partons were some onventional Dira fermions, the Dira matries
γµi and γ
ν
j should ommute for i 6= j (not antiommute as in our ase; in both ases,
all γ5j ≡ iγ0j γ1j γ2j γ3j and σ3j ≡ γ5j γ0j γ3j (j = 1, 2, . . . , N) ommute). This would spoil our
intrinsi onstrution based on the Cliord algebra for γµi (i = 1, 2, , . . .N). In this ase,
the wave funtion (A1) would not satisfy the generalized Dira equation, though suh a
equation should follow from Dira's square-root proedure hopefully aepted for funda-
mental fermions in the limit of loal one-partile wave funtion. This argument seems
to support our hoie of intrinsially omposite fundamental fermions desribed in this
Appendix.
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